Abstract. In this paper we investigate fixed-point numbers of endomorphisms on complex tori. Specifically, motivated by the asymptotic perspective that has turned out in recent years to be so fruitful in Algebraic Geometry, we study how the number of fixed points behaves when the endomorphism is iterated. Our first result shows that the fixed-points function of an endomorphism on a two-dimensional complex torus can have only three different kinds of behaviours, and we characterize these behaviours in terms of the analytic eigenvalues. Our second result focuses on simple abelian surfaces and provides criteria for the fixed-points behaviour in terms of the possible types of endomorphism algebras.
Introduction
Given a holomorphic map f : X → X on a complex variety X, one of the natural questions about f is how many fixed points it has. This number may, as expected, vary a lot between different endomorphisms, but it is a recurring theme in Algebraic Geometry that one hopes for much more regularity when adopting an asymptotic perspective. Examples for the fruitfulness of this approach are questions about base loci [ELMNP] , growth of higher cohomology [DKL] , syzygies [EL] and Betti numbers [EEL] . Concerning the question of fixed points, a natural asymptotic point of view consists in considering large iterates f n of a given map. Specifically, denoting by # Fix(f ) the number of fixed points of a map f , the question becomes:
What is the asymptotic behaviour of the fixed-points function
where f n = f • . . .
• f denotes n-th iterate of f .
The growth of the fixed-points function is also of interest in purely analytic contexts (e.g. [SS] ). In the present paper we consider it when f is a holomorphic map on a complex torus. As is customary (cf. [BL] ) we set # Fix(f ) = 0, if the fixed-points set is infinite, i.e., if f fixes an analytic subvariety of positive dimension.
Consider for instance the multiplication map m X : X → X, x → mx, on a complex torus X of dimension g, for a given integer m 2. Its fixed points are the (m − 1)-torsion points, and hence the fixed-points number # Fix((m X ) n ) = (m n − 1) 2g grows exponentially with n. It is natural to wonder whether this is typical for endomorphisms on complex tori, and what other behaviour, if any, might occur. For two-dimensional complex tori we provide a complete answer:
Theorem 1. Let X be a two-dimensional complex torus and let f : X → X be a non-zero endomorphism. Then the fixed-points function n → # Fix(f n ) has one of the following three behaviours:
(B1) It grows exponentially in n, i.e., there are real constants A, B > 1 and an integer N such that for all n N ,
In this case both eigenvalues of f (i.e., of its analytic representation ρ a (f ) ∈ M 2 (C)) are of absolute value = 1.
(B2) It is a periodic function. In this case the non-zero eigenvalues of f are roots of unity, and they are contained in the set of k-th roots of unity where k ∈ {1, . . . , 6, 8, 10, 12}.
(B3) It is of the form
where r 2 is an integer and h is an exponentially growing function. In this case one of the eigenvalues of f is of absolute value > 1 and the other is a root of unity.
All three behaviours occur already in the projective case, i.e., on abelian surfaces.
The fact that the eigenvalues govern the behaviour of the fixed-points function is a consequence of the Holomorphic Lefschetz Fixed-Point Formula (see Prop. 1.1). The main point of the theorem is that the stated cases are the only ones that can occur.
For simple abelian surfaces there are only three non-trivial types of possible endomorphism algebras, and it is desirable to know about the fixed-points behaviour in terms of these types. Our second result contains this information:
Theorem 2. Let X be a simple abelian surface. Then the fixed-points function of any non-zero endomorphism f ∈ End(X) is either exponential (B1) or periodic (B2), but has never behaviour (B3). Specifically, we have:
(a) Suppose that X has real multiplication, i.e., End Q (X) = Q( √ d) for a squarefree integer d > 0. Then # Fix(f n ) is periodic if f = ± id X , and it grows exponentially otherwise.
(b) Suppose that X has indefinite quaternion multiplication, i.e., End Q (X) is of the form Q + iQ + jQ + ijQ, where i 2 = α ∈ Q \ {0}, j 2 = β ∈ Q \ {0} with ij = −ji and α > 0, α β.
, and it grows exponentially otherwise.
(c) Suppose that X has complex multiplication, and let σ : End(X) ֒→ C be an embedding. Then f has periodic fixed-point behaviour if |σ(f )| = 1, and it has exponential fixed-points growth otherwise.
We give a more detailed description of the three types in Sect. 2, and we provide a list of the finitely many eigenvalues that occur in endomorphisms with periodic fixed-points behaviour (see Prop. 2.1).
Fixed points of endomorphisms on complex tori and abelian varieties have been studied previously by Birkenhake and Lange [BL] with a focus on the classification of fixed-point free automorphisms. The question of fixed point numbers for iterates of endomorphisms on abelian varieties was first addressed in the preprint [Rin] ; however, Theorem 1.2 in [Rin] is unfortunately erroneous.
Fixed points and eigenvalues
Let X be a complex torus of dimension g and let f : X → X be a holomorphic map. The map f is a translate f = h + a of a group endomorphism h ∈ End(X) by some a ∈ X, and we have (see [BL] )
So, as far as fixed point numbers are concerned, it is enough to consider endomorphisms. The following proposition allows one to determine fixed point numbers from the eigenvalues of the analytic representation. Proposition 1.1. Let f : X → X be an endomorphism of a g-dimensional complex torus, and let λ 1 , . . . , λ g be the eigenvalues of its analytic representation (counted with algebraic multiplicities). Then we have for every integer n 1,
Proof. Thanks to the Holomorphic Lefschetz Fixed-Point Formula [LB, 13.1.2] , the fixed point number can be computed from the analytic representation
As the eigenvalues of ρ a (f ) n are λ n 1 , . . . , λ n g , we get the asserted formula.
The proposition shows that the fixed-points function n → # Fix(f n ) is governed by the size of the eigenvalues. If, for instance, it were to happen that all eigenvalues of f are of absolute value bigger than 1, then clearly # Fix(f n ) grows exponentially. (This is the case for the multiplication maps mentioned in the introduction.) The following examples show, however, that eigenvalues of absolute value equal to 1 as well as less than 1 occur, too. Example 1.2. (Eigenvalues of absolute value 1). Take an elliptic curve E and consider the complex torus X = E × E. The endomorphism
has the eigenvalues
. Using Prop. 1.1 we find that the fixed-points function of f is periodic:
if n ≡ 2 or n ≡ 4 (mod 6) 16, if n ≡ 3 (mod 6) . Example 1.3. (Eigenvalues of absolute value < 1). Examples of this kind have been constructed by McMullen [McM, Sect. 4 ] in order to exhibit degree 6 Salem numbers (see also [Res] ). Specifically, McMullen shows that for every integer a 0, the polynomial
occurs as the characteristic polynomial of the rational representation of an endomorphism on a two-dimensional complex torus. One checks that the zeros of P (t) appear in conjugate pairs α, α, β, β with |α| < |β|. As the constant term of P equals 1, it follows that |α| < 1.
In fact, a closer analysis of the preceding example shows that arbitrarily small eigenvalues occur: Proposition 1.4. For every ε > 0 there exists a two-dimensional complex torus with an endomorphism that has a non-zero eigenvalue of absolute value less than ε.
Proof. We draw on the complex tori constructed in Example 1.3. An application of Rouché's theorem shows that for all sufficiently large values of a there exists a root of the polynomial t 4 + at 2 + t + 1 in the disk of radius ε around the origin. This proves the proposition.
The following example shows that eigenvalues of absolute value < 1 occur also in the projective case: Example 1.5. Let E be an elliptic curve, and consider the abelian surface X = E × E. Every matrix ( a b c d ) ∈ SL 2 (Z) defines an automorphism f of X. Its analytic characteristic polynomial is t 2 − (a + d)t + 1, and from this one checks that f has an eigenvalue arbitrarily close to 0 when a + d is sufficiently large.
With a little more effort the same behaviour can even be found among simple abelian surfaces: There is a two-dimensional family of principally polarized abelian surfaces X with endomorphism ring End(X) = Z[ √ 2] (cf. [Bir, Prop. 2.1] ). On such a surface consider the endomorphism f = −1 + √ 2. Its analytic characteristic polynomial is t 2 + 2t − 1, and hence it has −1 + √ 2 as an eigenvalue. Therefore f n has an eigenvalue arbitrarily close to 0 when n is sufficiently large.
In view of Prop. 1.1, and considering the preceding examples, it becomes apparent that the issue, in the general case, is to understand what kind of eigenvalues may occur in endomorphisms of complex tori. We focus from now on on the surface case, where we show as a first step: Proposition 1.6. Let X be a two-dimensional complex torus and f : X → X an endomorphism. If f has a non-zero eigenvalue of absolute value < 1, then it also has an eigenvalue of absolute value > 1.
Proof. The characteristic polynomial of the analytic representation ρ a (f ) is
Since the rational representation ρ r (f ) is the direct sum of ρ a (f ) and its conjugate, the characteristic polynomial of ρ r (f ) is given by
Assume now by way of contradiction that 0 < λ 1 < 1 and λ 2 1.
Consider first the case that λ 2 = 0. Then λ 1 λ 1 appears as a coefficient in P r f (t), and it must therefore be an integer. So |λ 1 | 1, a contradiction.
Next, suppose λ 2 > 0. We have
and this implies 0 < |det(ρ r (f ))| < 1, which again is impossible as this number is an integer.
The next statement will be crucial for dealing with the case of eigenvalues of absolute value 1. Proposition 1.7. Let X be a two-dimensional complex torus and f : X → X an endomorphism. If λ is an eigenvalue of f with |λ| = 1, then λ is a root of unity.
Proof. We may assume that λ = ±1, as otherwise there is nothing to prove. Let λ 1 and λ 2 be the eigenvalues of f . Suppose to begin with that |λ 1 | = |λ 2 | = 1. The characteristic polynomial P r f of the rational representation of f is then a monic polynomial over the integers, all of whose roots are of absolute value 1. It follows that all of its roots are then roots of unity (see [Coh, Prop. 3.3 .9]), and we are done in this case.
It remains to consider the case that |λ 1 | = 1 and |λ 2 | = 1. By Lemma 1.6 we know that then necessarily |λ 2 | > 1 or λ 2 = 0. Let h be the minimal polynomial of λ 1 over Q. (λ 1 is a root of P r f , and hence an algebraic integer.) According to Lemma 1.8 below, h is a symmetric integer polynomial of degree 2 or 4, whose roots appear in reciprocal pairs. So there are two cases:
Case 1: deg h = 2. In that case, the second root of h is λ 1 . So all roots of h are of absolute value 1. And as above, we conclude that λ 1 is a root of unity.
Case 2: deg h = 4. Then h coincides with P r f , so its roots are λ 1 , λ 1 , λ 2 , λ 2 . But because of |λ 2 | > |λ 1 | = 1, there is no way that the roots can occur in reciprocal pairs -so this case does not happen.
We very much assume that the following elementary algebraic lemma is wellknown. For lack of a reference we include a proof. Lemma 1.8. Let a ∈ C be an algebraic integer of absolute value 1 and different from ±1. Then its minimal polynomial is a polynomial over Z of even degree with symmetric coefficients, whose roots occur in reciprocal pairs.
Proof. By definition there is a monic polynomial g over Z with g(a) = 0. As g is a multiple of the minimal polynomial h of a, it follows from Gauß' Lemma that h is integral as well.
We now prove the symmetry statement. As a is of absolute value 1, we know that 1/a = a appears as a root of h as well. On the other hand, we have
hence a is a root of the integral polynomial t n h(1/t), which is also of degree n. Therefore t n h(1/t) = c · h(t) for some c ∈ Q. Setting t = 1, we get h(1) = c · h(1). Since a is irrational, the degree of h is at least 2, and hence h(1) = 0. We conclude that c = 1, i.e., t n h(1/t) = h(t) , and this shows that the roots of h occur in reciprocal pairs, and hence that its degree is even.
We can now give the Proof of Theorem 1. Let f : X → X be an endomorphism of a two-dimensional complex torus, and let λ 1 and λ 2 be the eigenvalues of its analytic representation (counted with algebraic multiplicities). After reordering we assume |λ 1 | |λ 2 |. We have then by Prop. 1.1 for every integer n 1,
Suppose first that |λ 1 | > 1. Then by our setup we have |λ 2 | > 1 as well, and hence the fixed-points function # Fix(f n ) grows exponentially. So we are in Case (B1) of the theorem.
Suppose next that 0 < |λ 1 | < 1. It follows from Prop. 1.6 that then |λ 2 | > 1, and hence the function # Fix(f n ) grows exponentially again.
Suppose now that |λ 1 | = 1. Proposition 1.7 tells us that λ 1 is then a root of unity. If |λ 2 | = 1, then the same is true for λ 2 and hence # Fix(f n ) is a periodic function, so we are in Case (B2) of the theorem. And if |λ 2 | > 1, then the fixedpoints function has the form described in Case (B3) of the theorem. In either case, the roots of unity are of algebraic degree 4, since they appear as roots of the rational characteristic polynomial P r f (f ). They are therefore k-th roots of unity, where k ∈ {1, . . . , 6, 8, 10, 12}.
Finally, suppose that λ 1 = 0. Then we have behaviour (B1) if |λ 2 | > 1 and behaviour (B2) if |λ 2 | = 1.
It remains to show that all three behaviours actually occur. Case (B1) happens for the multiplication map x → mx on every complex torus, as soon as |m| 2. Example 1.2 is an instance of (B2), and Example 1.9 below shows that (B3) occurs. In all three cases there are projective examples. Example 1.9. (One eigenvalue of absolute value > 1, the other a root of unity.) Consider the elliptic curve E with complex multiplication in Z[i], and take the abelian surface X = E × E. The endomorphism
has the eigenvalues i and 2i, and hence the fixed-points function has the behaviour described in Case (B3) of Theorem 1:
where the function h grows exponentially, h(n) ∼ 2 2n .
Fixed points on simple abelian surfaces
In this section we will explicitly determine the endomorphisms on simple abelian surfaces whose fixed-points function grows exponentially, thus proving Theorem 2 stated in the introduction.
We will make use of the fixed-point formula for abelian varieties [CAV, 13.1.4 ], which for an endomorphism f of a simple abelian surface X takes the following form:
, and let N : D → Q be the reduced norm map. Then for f ∈ End(X),
(The formula expresses the fact that the characteristic polynomial of the rational representation ρ r (f ) coincides with the map N 4/de .) Since on a simple abelian surface every non-zero endomorphism f is an isogeny, both eigenvalues of f are non-zero.
We employ now a strategy as in [BL] , i.e., we use Albert's classification and deal with the possible types of simple abelian surfaces separately.
Type 0: Integer multiplication. Suppose that End(X) = Z. In that case every endomorphism f is a multiplication map x → mx for some m ∈ Z. So f has exponential fixed-points growth if and only if |m| > 1.
Type 1: Real multiplication. Suppose that X has real multiplication, i.e., that End Q (X) = Q( √ d) for some square-free integer d > 0. Every endomorphism f ∈ End(X) is then of the form f = a + bω with a, b ∈ Z, where
With respect to suitable coordinates on C 2 , the analytic representation ρ a : End
(see [Rup] ). So the eigenvalues of ρ a (f ) = ρ a (a + bω) are
If b = 0, then f is multiplication by a, and hence it has exponential fixed-points growth if and only if |a| > 1. And if b = 0, then both eigenvalues are of absolute value = 1. Using Prop. 1.6 we see that then f has exponential fixed-points growth.
Type 2: Indefinite quaternion multiplication. Suppose that X has indefinite quaternion multiplication, i.e., there are α, β ∈ Q \ {0} with α β and α > 0 such that End Q (X) is isomorphic to the quaternion algebra α, β Q , i.e., End Q (X) = Q + iQ + jQ + ijQ, where i and j satisfy the relations i 2 = α, j 2 = β and ij = −ji. Using the splitting field Q( √ α) of End Q (X), one has an isomorphism
given by
For an element f ∈ End(X), written as f = a + bi + cj + dij with a, b, c, d ∈ Q, we have
The reduced norm of f over Q is given by N (f ) = det(ψ(f )) = a 2 −b 2 α−c 2 β +d 2 αβ. After diagonalization of ψ(f ) the norm of 1 − f n can be written as
where
Since f is contained in an order, it is an integral element, and hence χ f has integer coefficients. For every integer m we have
and this implies that χ f (t) 2 = P r f (t) as polynomials in t. Therefore, if we denote by λ 1 and λ 2 the analytic eigenvalues of f , then t 1 ∈ λ 1 , λ 1 and t 2 ∈ λ 2 , λ 2 .
• If |t 1 | > 1 and |t 2 | > 1, then # Fix(f n ) grows asymptotically with |t 1 t 2 | 2n .
• If |t 1 | < 1, then Prop. 1.6 tells us that |λ 2 | > 1. Therefore the number of fixed-points grows exponentially in this case.
• If |t 1 | = |t 2 | = 1, then the possible real values for t 1 and t 2 are ±1. If t 1 and t 2 are complex, then they are roots of unity, because they are roots of the integral polynomial χ f . The function n → # Fix(f n ) is then periodic.
• We show now that the case |t 1 | > 1 and |t 2 | = 1 does not occur. Assume the contrary. Since t 1 and t 2 are the roots of a rational polynomial of degree 2, we know that t 2 has to be ±1. As t 1 = t 2 , at least one of the coefficients b, c, d is non-zero (since otherwise a = t 1 = t 2 ). But then t 2 = ±1 implies that f ∓ 1 is a non-zero endomorphism whose norm is zero, and hence the quaternion algebra cannot be a division algebra, a contradiction.
Type 3: Complex multiplication. Suppose that X has complex multiplication, i.e., that End Q (X) is isomorphic to an imaginary quadratic extension K of a real quadratic number field Q( √ d), where d is a positive square-free integer. Consider an endomorphism f ∈ End(X) and let λ 1 and λ 2 be the eigenvalues of its analytic representation ρ a (f ). By the Cayley-Hamilton theorem, f is annihilated by its rational characteristic polynomial P r f . As the isomorphism σ : End Q (X) → K fixes Q, the complex number f = σ(f ) is then a zero of P r f as well. This implies that it is contained in the set λ 1 , λ 2 , λ 1 , λ 2 . So, after renumbering, we have f = λ 1 or f = λ 1 . We distinguish now cases according to f :
• If | f | < 1, then we know by Prop. 1.6 that |λ 2 | > 1. Therefore in this case the number of fixed points grows exponentially, which is behaviour (B1).
• If | f | = 1, then by Prop. 1.7 we know that λ 1 , and hence f , is a root of unity.
The fixed-points function n → # Fix(f n ) = N (1 − f n ) is then periodic (B2).
• Let | f | > 1 and f ∈ R. Then f is of the form a+b √ d, hence we have behaviour (B1) as in the case of real multiplication.
• Let | f | > 1 and f / ∈ R. So |λ 1 | > 1. Our aim is to show that then |λ 2 | = 1, which implies behaviour (B1). Assuming by way of contradiction that |λ 2 | = 1, note first that the proof of Prop. 1.7 shows that the minimal polynomial of λ 1 must be of degree 2. Therefore λ 1 can be written as a + b √ −e with a, b ∈ Q and e a square-free positive integer. For t ∈ Z we compute the norm of t − f ,
On the other hand, N K/Q (t − f ) coincides as a polynomial in t with P r f (t), and therefore λ 2 equals f or its conjugate. It cannot be of absolute value 1 then, and so we arrive at a contradiction.
We provide a complete list of the possible eigenvalues that occur for endomorphisms with periodic fixed-points behaviour in quaternion and complex multiplication.
Proposition 2.1. a) If X is a simple abelian surface with quaternion multiplication and f a non-zero endomorphism on X with periodic fixed-points behaviour, then all eigenvalues of f are roots of unity of algebraic degree 2, i.e., they are contained in the following set: in degree 1: ±1 in degree 2: ±i, ± 1 2 ± √ −3 2
Conversely, each of these numbers occurs as an eigenvalue of an endomorphism on some simple abelian surface with quaternion multiplication.
b) If X is a simple abelian surface with complex multiplication and f a non-zero endomorphism on X with periodic fixed-points behaviour, then all eigenvalues of f are roots of unity of algebraic degree 4, i.e., they are contained in the following set:
in degree 1: ±1 in degree 2: ±i, ± √ −3. As for the converse statement in (b): Every root of unity ζ of algebraic degree 4 is an algebraic integer in the CM field Q(ζ), and therefore there exists a simple abelian surface X of CM-type, where the root represents an endomorphism f (cf. [CAV, §9.6] ). For the roots of unity of degree 2 just consider any real quadratic number field L and take the CM field L(ζ).
